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We explore the homogeneous background dynamics and the evolution of generated perturbations
of cosmological inflation that is driven by multiple scalar fields interacting with a perfect fluid.
Then we apply the method to warm inflation driven by two scalar fields and a radiation fluid,
and present general results about the evolution of the inflaton and radiation. After decomposing
the perturbations into adiabatic and entropy modes, we give the equation of motion of adiabatic
and entropy perturbations on large scales. Then, we give numerical results of background and
perturbation equations in a concrete model (the dissipative coefficient Γ ∝ H). At last, we use the
most recent observational data to constrain our models and give the observationally allowed regions
of parameters. This work is a natural extension of warm inflation to multi-field cases.
PACS numbers: 98.80.Cq
I. INTRODUCTION
Inflation has become one of the central paradigm in
modern cosmology, because it solves many problems of
standard cosmology and provides an origin of large-scale
structure [1, 2]. In inflation theory, a most common
model is that cosmological inflation is driven by a scalar
field whose potential dominates other forms of energy
density. In standard inflation, cosmological expansion
and reheating are two distinguished periods and we still
know little about the reheating process. Warm infla-
tion is an important inflationary model and it combine
the cosmological expansion and the production of the
radiation into one process, so the universe can become
radiation-dominated smoothly [3]. In warm inflation, dis-
sipative effects are important during the inflation period,
so that radiation production occurs concurrently with
cosmological expansion. Besides, recent observations im-
ply that chaotic inflation with monomial quadratic po-
tential and natural inflation are now disfavored for pre-
dicting too large tensor-to-scalar ratio r. In warm infla-
tion, curvature perturbation are dominated by thermal
fluctuation which is usually much stronger than quan-
tum fluctuation, while tensor perturbation remain the
same to the cold inflation results. Therefore, many infla-
tionary models are in accordance with the observational
data again for a decreased r in warm regime.
A different possible way to generate perturbations in
agreement with observations is so-called multi-field infla-
tionary model. Although single field inflation may seems
appealing from the perspective of simplicity and econ-
omy, the microphysical origin of inflation still remains
unclear and there is not theoretical reason to expect only
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one field to be important in the early Universe. In fact,
fundamental physics, such as sting theory, commonly pre-
dicts the existence of multiple scalar fields [4, 5].
Compared to single-field inflation, a key feature of
multi-field inflation is a relatively large non-Gaussianity.
However, now the observations of non-Gaussianity is not
precise enough to distinguish between inflationary mod-
els. Therefore it is important to study the effects of multi-
field inflation and how they are constrained by observa-
tional data. In addition, the content of the Universe is
commonly assumed to be a mixture of fluids and scalar
fields, and there has been increasing interests focused on
multi-component cosmology. In this paper we investigate
cosmological inflation driven by multiple scalar fields and
an interacting perfect fluid, and then apply the formal-
ism to warm inflation in a two-field case. This work is a
natural extension of warm inflation to multi-field cases.
This paper is organized as follows. In Sec. II we intro-
duce the governing background and perturbation equa-
tions of multiple scalar fields interacting with a perfect
fluid. In Sec. III we apply the formalism to warm infla-
tion and obtain the evolution equations of curvature and
entropy perturbation in a two-field case. In Sec. IV, we
give numerical results in a representative case with the
dissipative coefficient Γ ∝ H , then we use the most up-to-
data observational data to constrain our models and give
the observationally allowed region of parameters. To con-
clude, we present some summaries and comments in Sec.
IV. In this paper, we redefined some slow-roll parameters
of the inflation and treat the radiation as a perfect fluid.
II. MULTI-COMPONENT INFLATION
Let us study the inflation in homogeneous and isotropic
background. We consider a spatially flat Friedmann-
Robertson-Walker (FRW) metric of the form
ds2 = −dt2 + a(t)2δijdxidxj , (2.1)
2where a(t) is the scale factor, and t is cosmic time. We
use Planck Unit:
8πG = kB = ~ = c = 1,
where G is Newton’s gravitational constant, kB is Boltz-
mann’s constant, ~ is the reduced Planck’s constant, and
c is the speed of light. In this work, Greek indices µ, ν, λ
denote spacetime dimensions, and Latin indices I, J , N
denote different scalar fields. Repeated spacetime indices
are summed over.
First we consider a N -fields model with Lagrangian
density [6]:
L = −1
2
ΣNI g
µν∇µϕI∇νϕI − V (ϕ), (2.2)
which is minimal coupled to gravity, where V (ϕ) =
V (ϕ1, ϕ2, . . . , ϕN ). We assume that there exists a per-
fect fluid and the interaction between scalar fields and
the fluid causes a phenomenological dissipative term
Γϕ˙I in the equation of motion. In general, Γ =
Γ(ϕ1, ϕ2, . . . , ϕN , ρf ), ρf is the energy density of the per-
fect fluid. From Eq. (2.2) we can get the equation of
motion in the presence of a perfect fluid:
ϕ¨I + (3H + Γ)ϕ˙I + VϕI = 0, (2.3)
where H ≡ a˙/a is the Hubble parameter, VϕI = ∂V∂ϕI ,
overdots represent derivatives with respect to cosmic
time. In a spatially flat FRW universe, H is determined
by:
H2 =
8πG
3
(
1
2
ΣNI ϕ˙I
2 + V (ϕ) + ρf
)
, (2.4)
and the continuity equation of the perfect fluid
ρ˙f + 3H(1 + ω)ρf = ΓΣI ϕ˙I
2, (2.5)
where ω = pf/ρf , pf is the pressure of the fluid.
As in single-field inflation, we define some slow-roll pa-
rameters of the background quantities,
ǫ = − H˙
H2
= ΣIǫI + ǫf , ǫI =
1
2
ϕ˙2I
H2
, ǫf =
2
3
ρf
H2
,
η = − H¨
2HH˙
= ΣI
ǫI
ǫ
ηI +
ǫf
ǫ
ηf , (2.6)
ηI = − ϕ¨I
Hϕ˙I
, ηf = −1
2
ρ˙f
Hρf
.
The slow-roll conditions are ǫ < 1, |η| < 1. In slow-roll
approximation, we have
(3H + Γ)ϕ˙I + VϕI = 0, (2.7)
3H(1 + ω)ρf = ΓΣI ϕ˙I
2. (2.8)
In order to study the evolution of the linear perturba-
tions, we decompose each of the scalar fields into a spa-
tially homogenous background field and its fluctuations
ϕI(x, t) → ϕI(t) + δϕI(x, t). The line element of the
FRW metric can be written as
ds2 = −(1 + 2A)dt2 + 2a∂iBdxidt
+ a2((1− 2ψ)δij + 2∂i∂jE)dxidxj , (2.9)
and the gauge-invariant comoving curvature perturbation
is given by [7, 8]
R = ψ −H δq
p+ ρ
, (2.10)
where δq = ΣIδqI + δqf is the total momentum density
perturbation, and p and ρ are total pressure and energy
density [9]. The momentum perturbations of each com-
ponents are given by
δqI = −ϕ˙IδϕI , (2.11)
δqf = a(pf + ρf )(B + δu), (2.12)
where δu is the scalar velocity potential of the fluid, and
from above definition we know δu =
δqf
a(pf+ρf )
− B. The
four-velocity of the fluid is defined by
uµ =
1
a
(1−A, ∂iδu), (2.13)
uµ = a(−1−A, ∂iδu+ ∂iB). (2.14)
The variation of the scalar field’s equation of motion leads
to:
¨δϕI + (3H + Γ) ˙δϕI +
k2
a2
δϕI +ΣJVϕIϕJ δϕJ + ϕ˙IδΓ
= −(2VϕI +Γϕ˙I)A+ ϕ˙I
(
A˙+ 3ψ˙ +
k2
a2
(a2E˙ − aB)
)
,
(2.15)
and the perturbation of energy and momentum conser-
vation equation of the fluid is given by [10]
˙δρf + 3H(δpf + δρf )− k
2
a2
δqf +
k2
a
(pf + ρf )B
− δΓΣI ϕ˙I2 − 2ΓΣI ϕ˙I ˙δϕ
= k2E˙(pf + ρf)− ΓAΣI ϕ˙I2 + 3(p+ ρ)ψ˙, (2.16)
˙δqf + 3Hδqr + δp+ ΓΣIϕ˙IδϕI = −(pf + ρf )A, (2.17)
where k is the wave number in Fourier space.
The Einstein equation of the multi-component system
is given by
Gµν = T
(ϕ)
µν + T
(f)
µν , (2.18)
where
T (ϕ)µν =Σ
N
I ∂µϕI∂νϕI − gµν
(
1
2
ΣNI ∂
λϕI∂λϕI + V (ϕ)
)
,
(2.19)
3T (f)µν =(ρf + pf )uµuν + pfgµν , (2.20)
where Gµν is the Einstein tensor, and T
(ϕ)
µν , T
(f)
µν are the
energy-momentum tensor of scalar fields and perfect fluid
respectively.
The perturbation equations of Einstein’s field equa-
tions are:
δρf +ΣI ϕ˙IδϕI +ΣIVϕI δϕI = −2(V + ρf )A
+
2k2H
a2
(aB − a2E˙)− k
2
a2
ψ − 6Hψ˙, (2.21)
δqf − ΣI ϕ˙IδϕI = −2HA− 2ψ˙, (2.22)
a2(E¨ + 3HE˙)− a(B˙ − 2HB)−A+ ψ = 0, (2.23)
δpf +ΣI ϕ˙I ˙δϕI − VϕIδϕI
= −k
2
a2
(aB˙ − a2E¨)− k
2H
a2
(2aB − a2E˙)− k
2
a2
A
+ 2(V − pf )A+ 2HA˙+ k
2
a2
ψ + 6Hψ˙ + 2ψ¨. (2.24)
Eqs. (2.21)-(2.24) are, respectively, the G00 component of
the field equation, the G0i component, the trace-free part
of the Gji and the G
i
i component [11].
III. APPLICATION TO WARM INFLATION
In warm inflation, the density perturbations are mainly
sourced by thermal noise [12], and metric fluctuations
has little effect on small scales [13, 14]. When kaH ≫
1, inflaton fluctuations δϕI are described by a Langevin
equation [3]
¨δϕI(k, t) + (3H + Γ) ˙δϕI(k, t) +
k2
a2
δϕI = ξI(k, t), (3.1)
where ξI(k, t) is a stochastic noise source and differ-
ent components of ξI(k, t) is independent of each other.
From the equation above, we know there is no direct cou-
pling between different components of field perturbations
when dropping out metric fluctuations on small scales.
If the temperature is sufficiently high, the noise source is
Markovian [13],
〈ξI(k, t)ξJ (−k′, t′)〉 = 2ΓTa−3δIJδ3(k−k′)δ(t−t′). (3.2)
Thermal noise is transferred to inflation field mostly on
small scales, and as the wavelength of perturbations ex-
pands, the thermal effects decrease until the fluctuation
amplitude freezes out.
At horizon-crossing, for T-dependent dissipative coeffi-
cients the thermal fluctuations produce a power spectrum
of perturbation [15]
PϕI = k−3
√
π
2
H1/2(3H + Γ)1/2T, (3.3)
After horizon-crossing, we have to take into account
the influence of metric perturbations [16]. For simplicity,
we will work in spatially-flat gauge, in which E = ψ = 0.
Since there are only two degrees of freedom of metric
perturbation, only two of the equations of Eqs.(2.21)-
(2.24) are independent. Working with Eq. (2.21) and Eq.
(2.22), we can get A and B in terms of other perturbation
variables by solving these two equations algebraically
A =
−δqr +ΣI ϕ˙IδϕI
2H
, (3.4)
B = − a
4k2H2
(24H2δqr
+ (4ρr +ΣI ϕ˙I
2)(−δqr +ΣI ϕ˙IδϕI)
+ 2H(3 ˙δqr + 4ΓΣI ϕ˙IδϕI +ΣI ϕ¨IδϕI − ΣI ϕ˙I ˙δϕI)).
(3.5)
In warm inflation, we usually treat the radiation as a
perfect fluid, so the above results can be applied here. For
the radiation fluid, pr =
1
3ρr, δpr =
1
3δρr, where pr and
ρr are the pressure and energy density of the radiation,
and δpr, δρr are their perturbations respectively. With
these relations, we can substitute Eq. (2.16) into Eq.
(2.17) and yield:
¨δqr + 7H ˙δqr + 3
(
7H2 + H˙ +
1
3
k2
a2
)
δqf+
ΣI
(
1
3
ϕ˙I
2δΓ+(4HΓ+Γ˙)ϕ˙IδϕI+Γϕ¨IδϕI+
5
3
Γϕ˙I ˙δϕI
)
=
1
3
k2
a
ρrB − 16
3
HρrA+
1
3
ΓΣI ϕ˙I
2A− 4
3
ρrA˙. (3.6)
The relationship between energy density ρr and tem-
perature of radiation is ρr =
pi2
30 g∗T
4, where g∗ is the
effective particle number of radiation. Now we define
two new parameters describing the ϕI dependence and
temperature dependence of the damping term Γ(Γ =
Γ(ϕ1, ϕ2, . . . , ϕN , ρr)):
βI =
ΓϕIVϕI
ΓV
, c =
TΓT
Γ
=
4ρrΓρr
Γ
, (3.7)
where βI < 1 + r, βI are slow-roll parameters [17], but c
is not required to be small. In order to go back to cold
inflation (Γ = 0) when T = 0, we require ΓT > 0, so c
is positive defined. Considering the consistency of warm
inflation [15, 18], we set 0 < c < 4.
Then ΓϕI =
∂Γ
∂ϕI
, Γρr =
∂Γ
∂ρr
can be denoted by βI ,
c and the corresponding background quantities. So we
have [19]
δΓ = ΣIΓϕIδϕI + Γρrδρr, (3.8)
Γ˙ = ΣIΓϕI ϕ˙I + Γρr ρ˙r. (3.9)
Substitute δΓ, Γ˙, A,B into Eqs. (2.15) and (3.6), and
4keep the leading order, we find
¨δqr + (7 − c)H ˙δqr +
(
12− 3c+ 1
3
k2
a2H2
)
H2δqr
= γΣI(5H ˙δqI + (12− 3c)H2δqI), (3.10)
¨δqI + 3H(1 + γ) ˙δqI +
k2
a2
δqI = 0. (3.11)
where γ = Γ3H describes the dissipative strength in warm
inflation.
We define a new variable z = kaH , then
d
dt
= −k
a
(1− ǫ) d
dz
, (3.12)
d2
dt2
= (1− ǫ)kH
a
d
dz
+ (1− 2ǫ)k
2
a2
d2
dz2
. (3.13)
Replace time variable t with z, and keep the leading
order, Eqs. (3.10) and (3.11) can be put in the form
z2δq′′r − (6− c)zδq′r +
(
12− 3c+ 1
3
z2
)
δqr
= γΣI(−5zδq′I + (12− 3c)δqI), (3.14)
zδq′′I − (2 + γ)δq′I + zδqI = 0, (3.15)
where a prime denotes a derivative with respect to z.
From Eq. (3.15) we know that in the large-scale limit,
i.e., z = kaH → 0, δqI is a constant in the slow-roll ap-
proximation. So we drop out the δq′I term on the right-
hand side of Eq. (3.14).
z2δq′′r − (6− c)zδq′r +
(
12− 3c+ 1
3
z2
)
δqr
= γΣI((12− 3c)δqI). (3.16)
This is an inhomogeneous Bessel differential equation.
The solution is given by adding the homogeneous solution
to a particular solution. The homogeneous solution of
(3.16) can be found in terms of Bessel functions
δqhr = C1z
7−c
2 Jν˜
(
z/
√
3
)
+C2z
7−c
2 Yν˜
(
z/
√
3
)
, (3.17)
where ν˜ = (−1 + c)/2, and C1, C2 are two integral con-
stants.
Then, we try to find a particular solution for this equa-
tion. Because z → 0 rapidly after horizon-crossing, we
drop out the z2 term in the coefficient of δqr. In this
case, a particular solution is given by
δqpr ≈
γΣI((12− 3c)δqI)
12− 3c = γΣIδqI . (3.18)
Then we can get the general solution of Eq. (3.16)
δqr = C1z
7−c
2 Jν˜
(
z/
√
3
)
+C2z
7−c
2 Yν˜
(
z/
√
3
)
+γΣIδqI .
(3.19)
In case of z ≪ 1, the Bessel functions in the above
equation can be approximated by
z
7−c
2 Jν˜
(
z/
√
3
)
∼ 12
1−c
4
ΓR
(
1+c
2
)z3, (3.20)
z
7−c
2 Yν˜
(
z/
√
3
)
∼ − 1
π
12
−1+c
4 ΓR
(−1 + c
2
)
z4−c
− 1
π
12
1−c
4 ΓR
(
1− c
2
)
sin
(cπ
2
)
z3, (3.21)
where ΓR is the Gamma function. From the above
approximation we know these two terms tend to zero
rapidly after horizon-crossing, so
δqr ≈ γΣIδqI = −γΣIϕ˙IδϕI . (3.22)
From Eq. (2.8) we know 43ρr = γΣIϕ˙I
2, so in spatially-
flat gauge the comoving curvature perturbation is given
by [20]
R = −H δq
p+ ρ
= −H ΣIδqI + δqr
ΣI ϕ˙I
2 + 43ρr
= −H ΣIδqI
ΣI ϕ˙I
2 .
(3.23)
Curvature perturbation R has a same form to that in
cold inflation. In one field case, R reduces to our familiar
form R = H δϕϕ˙ .
Now, we consider a two-field model, ϕ1 = φ, ϕ2 = χ.
In this case, the perturbation equation of scalar field is
given by
δ¨φ+ (3H + Γ) ˙δφ+
(
Vφφ +
k2
a2
)
δφ+ Vφχδχ+ φ˙δΓ
= φ˙
(
−k
2
a
B + A˙
)
,
(3.24)
δ¨χ+ (3H + Γ) ˙δχ+
(
Vχχ +
k2
a2
)
δχ+ Vφχδφ+ χ˙δΓ
= χ˙
(
−k
2
a
B + A˙
)
.
(3.25)
Substituting Eq. (3.22) into Eqs. (3.4) and (3.5), we
can express the metric perturbation A and B in terms of
field perturbation δφ, δχ. In previous section, we have
expressed δΓ in terms of field perturbations, therefore
now we get two closed differential equations for the vari-
ables δφ, δχ after replacing A and B in above two equa-
tions with these results.
As in cold two-field inflation, we define two new adi-
abatic field σ and entropy field s by a rotation in field
space. dσ is tangent to the background trajectory and
ds is normal to it [21].(
dσ
ds
)
=
(
cos θ sin θ
− sin θ cos θ
)(
dφ
dχ
)
, (3.26)
5where cos θ = φ˙√
φ˙2+χ˙2
, sin θ = χ˙√
φ˙2+χ˙2
Using this definition, the equation of motion can be
described in terms of σ, s is given by
σ¨ + (3H + Γ)σ˙ + Vσ = 0, (3.27)
θ˙σ˙ + Vs = 0, (3.28)
where Vσ = cos θVφ + sin θVχ, Vs = − sin θVφ + cos θVχ.
FIG. 1: An illustration of the decomposition of an arbitrary
perturbation in field space. δφ, δχ represent fluctuations with
respect to a fixed local frame, and δσ, δs represent fluctua-
tions parallel and normal to the background path.
Similarly, it is useful to decompose the field pertur-
bations into an adiabatic δσ and entropy δs component
as illustrated in Fig. 1, δσ is parallel to the background
trajectory and δs is orthogonal to it.(
δσ
δs
)
=
(
cos θ sin θ
− sin θ cos θ
)(
δφ
δχ
)
. (3.29)
Now we can write Eqs. (3.24) and (3.25) in the form
δ¨σ + (3H + Γ) ˙δσ +
(
k2
a2
+ Vσσ − θ˙2
)
δσ − 2θ˙δ˙s
+ 2
(
2θ˙Vσ
σ˙
− θ¨
)
δs+ σ˙δΓ
= −k
2
a
σ˙B − (σ˙Γ + 2Vσ)A+ σ˙A˙, (3.30)
δ¨s+ (3H + Γ)δ˙s+
(
k2
a2
+ Vss − θ˙2
)
δs
+ 2θ˙ ˙δσ − 2θ˙σ¨
σ˙
δσ = 2θ˙σ˙A, (3.31)
where
Vσσ = cos
2 θVφφ + sin 2θVφχ + sin
2 θVχχ, (3.32)
Vss = sin
2 θVφφ − sin 2θVφχ + cos2 θVχχ. (3.33)
Since Γ = Γ(φ, χ, ρr) in previous section, now we can
treat Γ as Γ = Γ(σ, s, ρr). For simplicity, we redefine
some slow-roll parameters
ǫσ =
σ˙2
2H2
, ησ = − σ¨
Hσ˙
, ηr = −1
2
ρ˙r
Hρr
,
βσ =
VσΓσ
V Γ
, βs =
VσΓs
V Γ
. (3.34)
Then, the metric perturbations A, B in Eqs. (3.4), (3.5)
and δΓ = Γσδσ+Γsδs+Γρrδρr can be expressed in term
of δσ, δs (According to Eqs. (2.17), (3.4) and (3.22), we
can rewrite δρr in terms of δσ, δs in spatially-flat gauge).
Substituting δΓ, A,B into Eqs. (3.30) and (3.31), we
get
δ¨σ+
(
3H + Γ+
Γσ˙2
3H2
+
Γσ˙2Γρr
H
)
˙δσ+
(
k2
a2
− θ˙2 − 3σ˙2−
3Γσ˙2
2H
−Γ
2σ˙2
6H2
+Vσσ− H˙Γσ˙
2Γρr
H2
− 2ρrσ˙
2Γρr
H
− 2Γρrσ˙
2Γρr
3H2
+
Γσ˙σ¨Γρr
H
+
ρ˙rσ˙
2Γ2ρr
H
+ σ˙Γσ +
σ˙3Γσ
3H2
+
σ˙3ΓρrΓσ
H
)
δσ
= 2θ˙δ˙s+
(
θ˙σ˙2
H
− 2θ˙Vσ
σ˙
+ 2θ¨ − σ˙Γs
)
δs, (3.35)
δ¨s+ (3H + Γ)δ˙s+
(
k2
a2
+ Vss − θ˙2
)
δs
= −2θ˙ ˙δσ +
(
(3H + Γ)σ˙2
3H2
+
2σ¨
σ˙
)
θ˙δσ. (3.36)
The comoving curvature perturbation is given by
R = H φ˙δφ+ χ˙δχ
φ˙2 + χ˙2
= H
δσ
σ˙
. (3.37)
Replacing δσ in Eq. (3.35) with R, we can rewrite
Eqs. (3.35) and (3.36) as two coupled differential equa-
tions of R, δs. If we keep only the leading order in the
slow-roll approximation, the equations are given by
R¨+ 3(1 + γ + cγ)HR˙+
(
k2
a2
− θ˙2
)
R
=
2Hθ˙
σ˙
δ˙s+
(
2Hθ˙
σ˙
(3 + 3γ)H +
2Hθ¨
σ˙
)
δs, (3.38)
δ¨s+ 3(1 + γ)Hδ˙s+
(
k2
a2
+M2eff
)
δs = −2θ˙σ˙
H
R˙, (3.39)
6where M2eff = Vss − θ˙2, Meff is the effective mass of δs.
According to Eqs. (3.38) and (3.39), we know when we
neglect the curvature of background trajectory in field
space (θ˙ = 0), δs behave like a free field, and when r = 0,
these equations can go back to cold inflation.
Now we define the isocurvature perturbation S = Hσ˙ δs
[22], and the power spectrum of curvature and isocurva-
ture perturbation [23]
PR = k
3
2π2
|R|2 , (3.40)
PS = k
3
2π2
|S|2 . (3.41)
The spectral index of the curvature perturbation is
ns − 1 = d lnPR
d ln k
. (3.42)
The tensor modes of perturbations are not affected by
the thermal noises, so the tensor power spectrum and
tensor-to-scalar ratio at the pivot scale are given by [24]
PT = 8
(
H∗
2π
)2
, (3.43)
r =
PR
PT . (3.44)
In this work, we are mainly concerned with the large
scale evolution of curvature perturbation R, because the
value ofR at the end of inflation seeds the observed CMB
temperature anisotropies, corresponding to the variance
of inhomogeneities’ distribution.
IV. NUMERICAL EXAMPLES AND
CONSTRAINTS FROM OBSERVATIONS
A. Numerical Examples
When dealing with multi-component systems, a nu-
merical method is almost essential. In this section we
use the formalism introduced above to investigate a toy
model, in which massive scalar fields φ and χ are coupled
through an interaction term 12g
2φ2χ2 [25].
V (φ, χ) =
1
2
m2φφ
2 +
1
2
m2χχ
2 +
1
2
g2φ2χ2. (4.1)
The background equations are:
φ¨+ (3H + Γ)φ˙+
∂V (φ, χ)
∂ϕ
= 0 (4.2)
χ¨+ (3H + Γ)χ˙+
∂V (φ, χ)
∂χ
= 0 (4.3)
ρ˙r + 4Hρr = Γ(φ˙
2 + χ˙2) (4.4)
H2 =
1
3
(
1
2
φ˙2 +
1
2
χ˙2 + V (φ, χ) + ρr
)
(4.5)
There are five free parameters associated with the ini-
tial conditions of the equation of motion, φ0, χ0, φ˙0, χ˙0,
ρr0. After making use of slow-roll approximation, φ˙ =
− 13H+Γ ∂V (φ,χ)∂φ , χ˙ = − 13H+Γ ∂V (φ,χ)∂χ , ρr = Γ4H (φ˙2 + χ˙2),
the initial conditions are given by φ0, χ0. We choose
the parameters associated with potential to be mφ =
2×10−7, mχ = 10−6, g = 2×10−8, and give a numerical
result below.
In our numerical calculations, we set γ = Γ3H to be
a constant. In order to get a clear picture of the evo-
lution of background and perturbation variables, we in-
tegrate the exact background equations (4.2)-(4.5) first
until horizon-crossing. After horizon-crossing, we inte-
grate the background and perturbation equations (3.38)-
(3.39) simultaneously to the end of inflation. We set the
effective particle number of radiation g∗ = 228.75 [26],
and choose the initial values of curvature perturbation R
and entropy perturbation δs at horizon-crossing accord-
ing to Eq. (3.3). In addition, we take the number of
e-foldings from horizon-crossing to the end of inflation to
be ∆N = 60 to make definite calculations.
According to the top left panel of Fig. 2 we know that
the heavy field χ decrease faster than the light field φ, and
after a period of time, χ reaches zero and then inflation
will be driven by one single field φ. the bottom two
graphs of Fig. 2 show that the potential dominates the
total energy in inflationary period, which is consistent
with slow-roll condition. However, radiation density will
increase rapidly at the end of inflation and then become
dominated, at the same time slow-roll conditions break
down.
The left panel of Fig. 3 shows after horizon-crossing
k
aH → 0 quickly and R, δs tend to a constant value and
they are weakly correlated. From Eqs. (3.38) and (3.39)
we know θ˙ plays an important role in the interaction of
curvature perturbation R and entropy perturbation δs.
The upper left panel of Fig. 2 shows at aroundN = 80 the
heavy field χ decays to zero and this will cause a bump
in θ˙. At around N = 80, θ˙ increases suddenly and there
is a strong interaction between R and δs, and they all
change significantly. After that, the entropy perturbation
decay to zero and the curvature perturbation R become
a nearly constant value again.
7FIG. 2: The evolution of different background variables are shown against e-foldings N(dN = Hdt) in case of r = 1, φ0 =
8, χ0 = 12, and we have set N0 = 0 at the initial time. Top left and top right panel: the evolution of scalar fields and the
slow-roll parameter ǫ, η. Bottom left and bottom right panel show the evolution of kinetic energy density K (K = 1
2
φ˙2+ 1
2
χ˙2),
potential V and radiation energy density ρr, and all the energy is scaled by total energy density ρ in the graph. In bottom
right panel, we zoom in to the few e-foldings around the end of inflation to give more details, and the dot-dashed vertical line
indicates the end of inflation (ǫ = 1). In this case inflation ends at about N = 104.
FIG. 3: The evolution of curvature perturbation R, entropy perturbation δs and spectral index ns in Γ ∝ H case. The initial
value of R, δs are chosen based on Eq. (3.3). The spectral index ns is calculated using finite-difference method.
B. Constraints from Observations
The most recent measurements of the cosmic mi-
crowave background (CMB) provides narrow constraints
on cosmological parameters, ruling out large classes of
8models. Having established representative examples in
previous subsection, we now turn our attention to the
compatibility with observational data. We will use the
most recent Plank data to constrain our models, finding
the allowed regions of parameter space consistent with
the observational values of ns and r. For simplicity, we
neglect the interaction between φ and χ (set g = 0),
and introduce the mass ratio defined as Rm = mχ/mφ.
When we fix the value of Rm, for a given (γ,mφ) when
Γ ∝ H , every set of initial condition (φ∗, χ∗) will pro-
duce a corresponding e-folding N , and a corresponding
curvature power spectrum PR at the end of inflation
(ǫ = 1), just like the numerical examples shown in last
subsection. Then we use the condition N = 60 and
PR = 2.207 × 10−9(68%CL, Plank TT,TE,EE+LowP)
to constrain the parameter space and pick out the ex-
act initial condition (φ∗, χ∗) for each value of (γ,mφ).
Next we give a numerical result of (r, ns) at the end of
inflation with the initial condition we obtained. That is
to say, we have a set of (r, ns) for every (γ,mφ), so we
can determine the range of our parameters in face of the
observational results of (r, ns).
We use the observational data ns = 0.9645 ± 0.0049,
r < 0.1 (68% CL, Planck TT,TE,EE+LowP) to con-
strain our models in case of Rm = 3 and Rm = 10.
Our results are given in parameter space of (γ,mφ) and
(r, ns) plotted in Fig. 4. First, we neglect the points (in
white areas) which do not have a corresponding initial
condition of (φ∗, χ∗) to produce expected e-foldings and
power spectrum at the same time. Then we proceed to
search for the observationally allowed regions of param-
eters from the remaining points. In the plot, the light-
gray shaded regions indicate areas for r > 0.1 while the
dark-gray shaded regions indicate areas for r < 0.1. The
regions highlighted in red are for 0.9596 < ns < 0.9694,
so the intersections of dark-gray shaded areas and red
shaded areas give the regions of parameter space consis-
tent with the observational data.
FIG. 4: In the above (γ,mφ) or (r, ns) planes, we show constraints of observational data on the spectral index ns and tensor-
to-scalar ratio r. The intersections of dark-gray shaded areas and red shaded areas give the observationally allowed regions. In
the left two panels we take the mass ratio Rm = 3, and in the right two panels we take Rm = 10. For each value of Rm, results
are shown in both (γ,mφ) planes and (r, ns) planes.
According to Fig. 4, we know all models in our analy-
sis have some observational allowed regions in parameter
plane. As the plots show, thermal fluctuations are much
stronger than quantum fluctuations in warm inflation, so
9we need smaller masses of the scalar field to produce ob-
servationally allowed power spectrum. In upper two pan-
els, we show when Γ ∝ H , different Rm leads to different
permitted range of dissipative strength γ, and inflation
can happen in both weak and strong regime of warm in-
flation. In Rm = 3 case, γ takes values of 0.38 . γ . 1.0,
and when Rm = 10, 0.4 . γ . 19. The lower two pan-
els give the lower bound of tensor-to-scalar ratio r in
the observationally allowed range of spectral index ns,
depending on the value of Rm. As illustrated, observa-
tional data favour large value of Rm in two-field cases.
For Rm = 3, r gets a lower bound r ≈ 0.068, this is
a rather large value and may become disfavored by the
observations in the near future. In case of Rm = 10, we
obtain a much smaller bound of r ≈ 0.007, which is in
good agreement with the observational constraints.
V. CONCLUSIONS
In this paper, we have studied inflation driven by mul-
tiple scalar fields and an interacting perfect fluid. We
defined some new parameters and perform a full analysis
of perturbation equations, including field perturbation,
fluid perturbation and metric perturbation. Then we ap-
ply the theory to warm inflation, and give the evolution
equations of curvature perturbation R and isocurvature
perturbation δs in a two-field case. Next, we perform nu-
merical calculations in our representative examples and
give the main features of the evolution of background
and perturbation variables. Finally, in order to check
the compatibility of our models with observations, we
use the most up-to-date observational data to constrain
our model and give the observational permitted regions
of the parameters. In the calculation of perturbations,
we have used the slow-roll approximation for simplicity.
According to the numerical results above, the corre-
lation between curvature and entropy perturbations can
change PR significantly on large scales, and the change
mainly occurs simultaneously to the turning of the back-
ground trajectory. However, the change cannot be ob-
served if it happens much more than 60 e-foldings be-
fore the end of inflation [27], in which case the effects
of multi-field are negligible. The damping term in back-
ground equation can slow the decrease of scalar fields,
so warm inflation will produce more e-foldings after the
turning of trajectory. Consequently, the multi-field effect
is more likely to be observed when the damping effect is
not too strong. Fortunately, the Planck satellite has put
a tight upper bound on the primordial non-Gaussianity,
and warm inflationary models tend to produce large non-
Gaussianity, so the observations seems not to be compat-
ible with the very strong version of warm inflation [12].
Our results also show that the inflaton field may starts
to oscillate after the end of inflation, just as the reheating
phase in cold inflation. This is a common phenomenon
in weak regime of warm inflation, and different forms of
the damping coefficient can lead to different dynamical
features of warm inflation. In fact, many models lie be-
tween warm inflation and standard inflation, and there
may be some general framework to describe them [28].
The existence of radiation will not alter the main fea-
tures of super-horizon evolution of scalar perturbations
during slow-roll regime, compared with standard infla-
tion, which is consistent with observations. However, the
value of comoving curvature perturbation at the end of
inflation depends on the form of damping coefficient Γ.
To study the compatibility with observations, we com-
pared the predictions of our models with the most up-to
data observational data, and show the results in Fig. 4.
In all the cases considered, we find some observationally
allowed regions in parameter space and the mass ration
Rm has a significant impact on the allow regions of pa-
rameters. As illustrated by Fig. 4, the models with a
smaller value of Rm tend to be more constrained by ob-
servational data. In our results, the observationally per-
mitted range of the mass of the lighter field mφ are all
less than 5 × 10−8Mp (Mp is the reduced Planck mass),
which is much smaller than the double inflation models
in cold inflation [29]. This is easy to understand because
in warm inflation thermal fluctuations are much stronger
than quantum fluctuation, and we do not need large mφ
to produce the expected value of scalar power spectrum.
Note that if we set γ = 0 in our models, we go back to
the cold inflation regime. However, according to upper
two panels Fig. 4 we know this case is not observational
allowed for it predicts too large scalar-to-tensor ratio.
Therefore, we can conclude that warm inflation effects
can reduce the value of r in multi-field cases, making
more inflationary models fit the observations.
In our numerical analysis, we take a T -independent
dissipative coefficient as an example, which may not be
a realistic case [30]. As shown in [15], the T -dependent
dissipative coefficient leads to a growing mode in the fluc-
tuations before horizon-crossing in case of γ > 1 [31, 32].
This is an important effect in warm inflation and has to
be taken into account. In T -dependent cases the pertur-
bations need to be computed numerically, and we leave
this for our future work. The effective mass of isocur-
vature mode Meff in the models we studied here is large
enough so that the isocurvature perturbation will decay
to zero before the end of inflation. However, this is not
always the case [33], and further research should be done
on this topic. Besides, when dealing with N ≫ 1 scalar
fields in inflationary models, the method of constructing
random potentials is worth considering [34].
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